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We study the structure of function fields of plane curves following our method
Ž .developed previously K. Miura and H. Yoshihara, 2000, J. Algebra 226, 283294 .
Ž .Let K be the function field of a smooth plane curve C of degree d  4 and let
K be a maximal rational subfield of K for P2. We study the field extensionP
KK from a geometrical viewpoint. Especially, we give a sufficient condition thatP
the Galois group of the Galois closure of KK becomes a full symmetric group.P
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1. INTRODUCTION
 This article is a sequel to our previous one 3 . First we recall the
motives and several definitions in brief. Let k be the field of complex
numbers . We fix it as the ground field of our discussions. Let K be an
algebraic function field in one variable over k. Let K be a maximalm
rational subfield of K. We have an interest in the structure of the
extension KK . So that we consider the field L, which is the Galoism
Ž .closure of KK , and the Galois group Gal LK . Before statingm m
several questions in detail, we have to make some preparations.
Ž . Ž  .Let Gon K denote the gonality of K , which is defined as cf. 5
m K : k t , where t isŽ .min m .½ 5a transcendental element of K
 DEFINITION 1. A maximal rational subfield K satisfying K : K m m
Ž .Gon K is called a g-maximal rational subfield.
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In the case where K is the rational function field of smooth plane curve
Ž . Ž  .C of degree d  2 , we have the following facts cf. 5, Theorem 5.3.17 .
 If K is a g-maximal rational subfield, then the degree K : K is d 1,m m
which coincides with the gonality of C, and the extension KK ism
 Ž . Ž 1. Ž .obtained by  : k l 	 k   k C , where  is the projection from CP P
to a line l with a center P C.
Following the above situation, we also consider a projection  from CP
to a line l with a center P C. Then we have an extension of field
 Ž . Ž .  Ž . Ž . : k l  k C such that k C : k l  d. In this case, we see thatP
Ž . Ž 1. Ž .k l 	 k  is a maximal rational subfield of k C but not a g-maximal
one.
In each case we get a maximal rational subfield; hence we consider the
projection  , where P2. The field extension does not depend on lP
Ž .  but on the point P. So we denote the function field k l resp. L by K P
 resp. L . We consider the extension from a geometrical viewpoint.P
Ž .DEFINITION 2. We call Gal L K the Galois group at P.P P
We want to know the Galois group at each point P. Hereafter we
Žassume that C denotes a smooth plane curve of degree d 4 except in
.Section 3 .
DEFINITION 3. The point P2 is called a Galois point if  is aP
Ž .Galois covering or, equivalently, k C K is a Galois extension. If, more-P
   over, P C resp. P C , then we call P an inner resp. outer Galois
Ž .  Ž .  point. We denote by  C resp.   C the number of inner resp. outer
Galois points.
Summarizing the above, we consider the following questions:
Ž .I Find Galois points.
Ž . Ž . Ž .II Find the numbers  C and   C and characterizations of the
curves with the numbers.
Ž .III Find the structure of the field L and the Galois group atP
P2.
Ž .IV Determine intermediate fields between K and L .P P
  Ž . Ž .In 3 we have considered in detail the above questions I  IV when
d 4. The purpose of this article is to consider them in the case of general
degree d 4.
We use the following notations throughout this paper.
˜Let C be the smooth curve with the function field L and letP P
˜ ˜Ž . : C  C be the covering map induced by k C  L . We call C the˜P P P P
1  minimal splitting curve of  : C after 9 .P
˜ 1Let  : C  be the Galois covering defined by the compositionP P
Ž  .   . Then we define a branch type of  as follows cf. 6 . LetP P P
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Ž .B m Q 
 
m Q 2m   m be the branch locus of  . 1 1 r r 1 r PP
Here m is called the ramification index of  at Q . That is, if R is ai P i
1Ž .point of  Q , then there are local coordinate systems  and  aroundP i
Ž . Ž .R and Q , respectively, with  R  0 and  Q  0 such that  isi i P
m i Ž .locally given as   	 . We say  has a branch type m , . . . , m ifP 1 r
B m Q 
 
m Q . 1 1 r rP
DEFINITION 4. A line l is called a multitangent line to C if it satisfies
Ž . Ž .the following condition 1 or 2 :
Ž . Ž .1 There exists a point P C l satisfying that i C, l; P  3.
Ž .2 There exist at least two points P  C l satisfying thati
Ž .i C, l; P  2 for i 1, 2.i
We denote by C the union of all multitangent lines to C
Moreover we use the notations listed in the following:
 Ž .K k C : the rational function field of C
 Ž .i C , C ; P : the intersection number of C and C at P1 2 1 2
 S : the symmetric group on n lettersn

d dŽ .F d : the Fermat curve of degree d; x 
 y  1
' Ž .e  exp 2 1 nn

 2Ž .Ž .d  d d 2 d  3 2
˜ Ž .g P : the genus of the minimal splitting curve C for P CP
˜ 2 Ž .g  P : the genus of the minimal splitting curve C for P  CP
 Ž .G : the Galois group Gal L K at P CP P P

 2Ž .G : the Galois group Gal L K at P  CP P P
We use a prime  to indicate that the assertion belongs to the case
where P C.
2. STATEMENT OF RESULTS
First we show the following.
LEMMA 1. deg C d.
One of our main theorems is stated as follows.
THEOREM 1. If P C  C, then the following assertions hold true.
Ž .1 G is isomorphic to S .P d1
Ž . Ž . Ž . Ž .Ž .2 g P  d 1 ! d
 2 d 3 4
 1.
Ž .3 There exists no field between K and K.P
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As a corollary we have the following.
 Ž . Ž .COROLLARY 2. Except at most dd pieces of points, the assertions 1 , 2 ,
Ž .and 3 hold true.
Similarly we have the following in the case where P C.
2 Ž .THEOREM 1. If P  C C , then the following assertions hold
true.
Ž .1 G is isomorphic to S .P d
Ž . Ž . Ž . Ž 2 .2 g P  d 1 ! d  d 4 4
 1.
Ž .3 There exists no field between K and K.P
In the case where C is defined over the field of rational numbres , we
define the degree of a point P C as follows.
Ž .DEFINITION 5. For a point P a, b  C, we define deg P to be
 Ž .   Ž . 4max  a : ,  b : . Especially, deg P 
 if and only if a or b is
transcendental over .
Then we have assertions similar to those in Theorem 1.
 Ž . Ž .THEOREM 3. If P C satisfies deg P dd , then the assertions 1 , 2 ,
Ž .and 3 in Theorem 1 hold true.
Next we consider the questions when P is an inner Galois point.
Ž .THEOREM 4. If d 4 and P C, then we hae that  C  0, 1, or 4.
Ž .On the contrary, if d 5 and P C, then we hae that  C  0 or 1. For
an inner Galois point P, the group G is a cyclic group of order d 1P
PROPOSITION 5. By suitable changes of coordinates, the defining equation
of C with an inner Galois point can be expressed as a standard form
Ž . Ž .y
 h x, y , where h x, y is a form of degree d with distinct factors. Espe-
Ž .cially the cure with  C  4 is unique; i.e., the defining equation is
y
 x 4 
 y4  0.
Of course, if we do not assume that C is smooth, then the assertion of
Theorem 4 does not hold true. Indeed, Miura notices the following.
Ž 2 2 .nRemark 1. Suppose that a curve is given by the equation y x 
 y
n
1 n
1 Ž .
 x 
 y 
 y 0. Then P 0, 0 is a Galois point and G isP
isomorphic to the dihedral group of order 2n. The generators of it are a
Ž . Ž . Ž .linear transformation x, y  e x, e y and a quadratic one x, y n n
Ž Ž 2 2 . Ž 2 2 ..x x 
 y , y x 
 y .
Now we consider the questions when P is an outer Galois point.
2 Ž .THEOREM 4. If d 4 and P  C, then we hae that   C  0, 1,
or 3. For an outer Galois point P, the group G is a cyclic group of order d.P
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PROPOSITION 5. By suitable changes of coordinates, the defining equation
of C with an outer Galois point can be expressed as a standard form
Ž . Ž .h x, y 
 1, where h x, y is a form of degree d with distinct factors. Espe-
Ž . Ž .cially the cure with   C  3 is unique, i.e., the Fermat cure F d .
Note that we have a characterization of the Fermat curve; namely a
smooth plane curve is projectively equivalent to the Fermat curve if and
only if it has the maximal number of outer Galois points.
 The function fields of Fermat curves have been studied in 2 . From our
Ž Ž .. Ž Ž ..  viewpoint we have studied the function fields k F 4 and k F 5 in 3, 4 ,
Ž Ž ..respectively. Here we consider k F d for d 4.
Ž .THEOREM 6. If d 1 is a prime number and P F d , then G isP
Ž .isomorphic to S for any point P F d .d1
Unfortunately, if d 1 is not prime, then we have the following
Ž  .example cf. 4 .
Ž .Remark 2. If P is a flex on F 5 , then G is isomorphic to the dihedralP
Ž .group of order eight and g P  16.
The proofs of the above results will be given in Section 4.
Finally we raise some problems.
Ž . Problem. 1 Find the Galois group at P C .
Ž .2 Fixing a finite group G, find the distribution of points P satisfy-
ing G 	G.P
3. DISCRIMINANTS AND DUAL CURVES
In this section we state some applications of discriminants. We notice
that the discriminants play important roles in the study of plane curves,
especially in the study of dual curves. As these are not the main purpose of
Ž  .this article, we state several facts without proofs see, for example, 7 .
Only in this section does C denote an irreducible but not necessarily
Ž .smooth plane curve. Let f x, y  0 be the defining equation. Let y
Ž . Ž . 2t x u 
 be a line passing through a point P u,   and let
Ž . Ž Ž . .DD u,  , t be the discriminant of f x, t x u 
 with respect to x.
ˆLet  be the homogeneous equation of the dual curve C of C and put
Ž . Ž . 3D u,  , t  t,1,ut
 . Let S be the surface defined by D in 1 1
3and let S be the projective closure of S in  . Then we have the following
assertion.
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LEMMA 2. The surface S has the following structures of fiber spaces:
1ˆŽ .1 There exists a morphism  : S C, where each fiber is  .1
1Ž .2 There exists a morphism  : S , where each fiber is isomor-2
ˆphic to C except oer the point at infinity.
Especially S is irreducible and birational to a ruled surface.
Let C denote the curve defined by f   f y. Then the discriminanty y
D has the following property.
LEMMA 3. The discriminant D is factored into D  D , where D is0 1 1
defined as aboe and irreducible with degree  3. If C has singular points
Ž . r m iP  a , b , where 1 i r, then D can be expressed as Ł l , wherei i i 0 i1 i
Ž . Ž .l  t u a  
 b and m  i C, C ; P is an integer  2. Moreoer,i i i i y i
if C is smooth, then DD .1
Here we have an application of the results above to find the defining
Žˆ .equation of the dual curve. The defining equation f  , of the dual
Ž . Žcurve is obtained from the relations f  xf 
 yf , f  xf 
x x y y x
. Ž .yf , and f x, y  0. However, it is rather difficult to find the equation byy
this relation.
Ž . Ž .Now, let d  , t be the discriminant of f x, tx
 with respect to x;
Ž . Ž . Ž . Ž .then we have that d  , t D 0,  , t . Let d  , t D 0,  , t , which is1 1
Ž .the unique irreducible component of d  , t with degree  3.
PROPOSITION 7. The defining equation of the affine part of the dual cure
Ž . Ž . cis d , , or rather d 1,  , where c deg d is the class1 1 1
of C.
Ž .Remark 3. The class c is 2 d 2
 2 gÝ m  s , where g isPC P P
the genus of the nonsingular model of C, m is the multiplicity of C at P,P
and s is the number of irreducible branches at P.P
By Proposition 7 we can compute easily the defining equation of the
Ž . Ž .dual curve. For example, let R  , t be the resultant of f x, tx
 and
Ž . Ž . Ž . Ž . f x, tx
  x. Then we have the relation R  , t  f 1, t d  , t , whered
f is the homogeneous part of f with degree d. More concretely, the duald
Ž . 3 3curve of the Klein curve f x, y  x y
 y 
 x is calculated easily as
follows:
4 3 
 27 10 
 42 5
 27 2  282 7 2  282 2 3  4 9 3

 651 4 4 
 42 6 5 
 426  282 37  4 9 
 27 210 .
We explain a method to get the equations of all multitangent lines to C
Ž .appearing in the affine part . Especially all the flexes can be found from
the equations.
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Ž . Ž .DEFINITION 6. Let D u,  be the discriminant of D u,  , t with2 1
Ž .respect to t. We call it the second discriminant of f x, y .
Ž . Ž .LEMMA 4. The second discriminant D u,  has the factor f u,  with2
multiplicity one.
Ž . Ž . Ž .DEFINITION 7. By Lemma 4 we put E u,  D u,  f u,  . We call2
Ž . Ž .E u,  the effective second discriminant of f x, y .
Ž .It is easy to see from the definition that E u,  factors into a product of
linear polynomials.
Ž . Ž .THEOREM 8. From the reduced part E u,  of E u,  we can obtain all
Ž .the multitangent lines to C in the affine part .
Ž . Ž .EXAMPLE 8. Let C be the quartic Fermat curve F 4 . Then E u,  can
be computed as follows up to an integer constant:
8 8 88 8 8 82 2 4 41
 u 1
 u 1
 u 1
 1
 1
 u 
Ž . Ž . Ž . Ž . Ž . Ž . Ž .
2 24 2 2 4 4 2 2 4 1
 u  4u 
 2u  
 1
 u 
 4u 
 2u  
Ž . Ž .
24 3 2 2 3 4 1
 u  4u  
 6u   4u 
Ž .
24 3 2 2 3 4 1
 u 
 4u  
 6u  
 4u 
Ž .
Each component can be factored linearly in the coefficients . There-
fore there exist 28 pieces of multitangent lines to C, which is a familiar
fact.
4. PROOFS AND SOME OTHER RESULTS
To prove Theorems 1 and 1 we make use of the theory of dual curves.
2 2ˆFirst we prove Lemma 1. Let  and C denote the dual plane of  and
Ž .the dual curve of C, respectively. If l is a line satisfying that m i C, l; P
2ˆ 3 and l is not tangent to C at any other point, then l is a simple
ˆ Ž  .cusp of multiplicity m 1 of C cf. 5, Lemma 1.5.9 . From this fact we
ˆsee that each singular point of C has no infinitely near singular points.
ˆ ˆ  4Let d be the degree of C and let m , . . . , m be the set of all1 r
ˆ ˆmultiplicities of singular points of C. Since C is birational to C, we
have that
r
ˆ ˆ2 g C  d 1 d 2  m m  1Ž . Ž .Ž . Ž . Ý i i
i1
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Ž . Ž  .by the genus formula, where g C denotes the genus of C cf. 1, p. 280 .
ˆŽ . Ž .Ž . Ž .Of course we have that 2 g C  d 1 d 2 and d d d 1 ; there-
fore we obtain an equality
r
2 2m m  1  d  2 d d  3 .Ž . Ž . Ž .Ý i i
i1
Ž .Ž 2 . Thus we have r d d 2 d  3 2 d . Since r coincides with the
number of the multitangent lines, the proof is complete.
Using the method stated in Section 3, we can obtain rather easily the
equations of dual curves and multitangent lines.
Before the proof of Theorem 1 we prepare some lemmas.
Ž . Ž .Let f x, y denote the homogeneous part of degree i of f x, y and puti
Ž . Ž .   t  f 1, t .i i i
By taking a suitable set of coordinates, we can assume that
Ž . Ž .i P 0, 0 .
Ž .ii x 0 and C meet transversally.
Ž .iii y 0 is the tangent line to C at P.
Ž .iv The line at infinity is not tangent to C at any point.
Ž .v If l is a line passing through P and a point of C at infinity, then
it is not tangent to C at any point.
Let l be the line y tx. Then we may assume that the projection ist
Ž . Ž . 2 defined as  C l  t. In the affine plane x, t  , let C be theP t
curve defined by
f x , t  f x , tx x  t x d1 
  t x d2 
 
 t .Ž . Ž . Ž . Ž . Ž .d d1 1
Ž . Ž . ŽThen we have that K k x, t and K  k t . When t 
, we con-P
sider x sy instead, where st 1. Indeed, C is an affine part of the
. Ž . Ž .   blow-up of C. Let  t be the discriminant of f x, t  k t x with
respect to x; i.e.,
2 d4 2
 t   x  x ,Ž . Ž . Ž .Łd i j
ij
Ž .  4where    t and x , . . . , x is the set consisting of roots ofi i 1 d1
Ž .f x, t  0 in k t .Ž .
Ž .By the choice of coordinates we see that t   0 is a branch point if
and only if l is a tangent line to C, or equivalently  is a root of
Ž . Ž . Ž . t  0. Moreover t 
 is not a branch point. By the conditions i  v ,
all the branch points of  : C l appear in this covering  : C1;P P
Ž .moreover, if    0, then t  is not a branch point by the conditiond
HISAO YOSHIHARA348
Ž . v . Thus we have only to consider the projection from C to the t-axis.
Ž . Ž  . Note that i C, T ; P  i C , T ; P 
 1, where P is the intersectionP P
point of C and t 0.
Ž .By taking suitable local coordinates u and s at Q C and  Q   ,P
Ž . mrespectively, we see that  can be expressed locally as  u  u , whereP P
Ž .  Ž .   mm  i C, T ; Q resp. i C, T ; P  1 if Q P resp. Q P . ThenQ Q P
m Ž . Ž m.we have that s u . Hence f x, t can be expressed locally as s u 
Ž . Ž . s, u , where  s, u is a unit near s u 0, so that the discriminant
m
i j 2 'Ž . Ž .becomes Ł u 	  u 	 near s 0 up to a unit , where u  si j 0 0 0
Ž . Ž .2and 	 e . Since s is a regular function c t  
 c t  
  ,m 1 2
Ž . Ž .m1c  0, we conclude that  t has a factor t  .1
Ž . Ž .From the consideration above, putting m  Ý m  1 , we ŽQ . QP
infer the following.
Ž . Ž . l Ž .LEMMA 5. The discriminant  t has a factor t  , where lm 
and 1 l d 2.
Ž . Ž . Ž .We observe the following conditions 1 , 2 , and 3 for a point
P C and a line l P.
Ž . Ž .Condition  . 1 There exists a line l which passes through P and
Ž . Ž .touches C at one point Q C Q P with i C, l; Q  2 and intersects
C transversally at the other points.
Ž . Ž .2 The intersection number i C, T ; P  3 and T intersects CP P
transversally at the other points, where T is the tangent line to C.P
Ž .3 Each line l passing through P intersects C transversally or
Ž .touches C at one point Q C with i C, l; Q  2 and intersects C
transversally at the other points.
Ž . Ž . Ž .Clearly,  t has a simple factor if and only if Condition 1 or 2 is
satisfied.
Ž . Ž .LEMMA 6. If Condition 1 or 2 is satisfied, then G contains aP
transposition.
Ž .Proof. Using the notation above, we have that K k t, x and L1
Ž . Ž . Ž .k t, x , . . . , x , where x  x. Suppose Condition 1 or 2 is satis-1 d1 1
Ž .fied. Then  t  0 has a simple root; let it be  . We have that
2f x ,   c x a  x a x a ,Ž . Ž . Ž . Ž .1 d3 d2
Ž .where a i 1, . . . , d 2 are distinct from one another and c 0. Wei
  1 Ž . Ž .consider the covering  : C  near t  . If x   x  P d2 d1
Ž .a , then we put L  k t, x , . . . , x . Note that x , . . . , x andd2 0 1 d3 1 d4
x are holomorphic functions of t near  ; however, x and x ared3 d2 d1
FUNCTION FIELDS OF PLANE CURVES 349
two-valued functions. Hence we infer that x  L and x  L . Thisd2 0 d1 0
Ž .implies that Gal LL contains a transposition.0
 Ž . 2 Ž .LEMMA 7. If P C  C , then deg  t  d  d 2 and  t has
only simple factors.
Ž .Proof. If l is a line passing through P, then it satisfies Condition 3 .
Ž .Note that if    0, then the line l does not touch C by thed 
Ž . Ž .Ž .assumption v . Since the genus of C is d 1 d 2 2, we obtain the
lemma from the RiemannHurwitz formula for  . The latter assertion isP
clear from Lemma 5.
Now we proceed with the proof of Theorem 1. Suppose that P C.
Ž .Then  t  0 has only simple roots. We infer from this that the branch
1 2Ž .type of  : C  is 2, . . . , 2 , where the number 2 appears d  d 2P P
Ž .   Ž times. Thus we conclude 1 from 8, Lemma 4.4.4 cf. 8, proof of
.Theorem 4.4.5 .
Ž .Using the RiemannHurwitz formula, we get the assertion 2 .
Ž .The proof of 3 may be clear. Since the symmetric group S isd1
 Ž . 4primitive, the group G   x  x is a maximal subgroup.P 1 1
The proof of Corollary 2 is clear from Theorem 1.
The proof of Theorem 1 can be done almost in the same way as above.
2 Ž .We pick up the main point of the proof. Suppose that P  C C .
Then, we take the following set of coordinates:
Ž . Ž .i P 0, 0 .
Ž .ii x 0 and C meet transversally.
Ž .iii The line at infinity is not tangent to C at any point.
Ž .iv If l is a line passing through P and a point of C at infinity, then
it is not tangent to C at any point.
 Ž . Ž . Ž .Let C be the curve defined by f x, t  f x, tx and let  t be the
Ž . Ž .discriminant of f x, t with respect to x. Then we have that deg  t 
Ž . Ž .d d 1 and  t has only simple factors.
For a while we consider the case where C is defined over .
Ž .   Ž .  LEMMA 8. If f x, y  x, y , then f x, y  x, y .
Ž .Proof. As in Section 3, let y t x u 
 be a line passing through
Ž . 2 Ž . Ž Ža point u,   and let DD u,  , t be the discriminant of f x, t x
. .   u 
 with respect to x. Then clearly D u,  , t . Furthermore let
Ž . Ž . Ž .D u,  be the discriminant of D u,  , t with respect to t. Since D u, 2 2
Ž . Ž . Ž . Ž .has a factor f u,  , we put E u,  D u,  f u,  . Of course we have2
Ž .   Ž . Ž .that E u,   u,  . Let E u,  be the reduced part of E u,  . Then
Ž .   Ž . Ž .E u,   u,  and f u,   E u,  .
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Suppose that P C C. Then we have that deg P dd. Thus the
proof of Theorem 3 is clear from Theorem 1.
We prove Theorem 4 and Proposition 5 simultaneously. Suppose that
Ž .P C is a Galois point. Then G Gal KK . Since C is smooth, theP P
element G induces an automorphism of C. Moreover, the automor-P
phism  is a restriction of a projective transformation, because d 4. We
denote it by the same notation  . If l is a line passing through P, then
Ž . C l  C l. Taking a suitable coordinates, we assume that P
Ž . Ž .0 : 0 : 1 . Let a be the i, j component of  , where 1 i, j 3; theni j
Ž . Ž .a  a  0, since  P  P. Moreover we have that  C l  C l13 23
for any line l passing through P; we infer that  is a diagonal matrix with
Ž .neigenvalues a and b, where ab  1 for some n. Thus G has anP
injective representation in the multiplicative group of the complex num-
bers; hence G is a cyclic group and has an order d 1. Let  be aP
generator of G and put 	 e . Then  can be represented as aP d1
diagonal matrix with a  a  	 and a  1.11 22 33
By this fact we can obtain easily the standard form. Since fÝd f ,i0 i
the projective transformation  acts f as
f  	 d f 
 	 d1 f 
 
	 f 
 f .d d1 1 0
Since f  cf for some non-zero constant c, we infer readily that f must
be in the form of f 
 f . Clearly this form can be represented as thed 1
standard form. This is the former part of the assertion in Proposition 5.
We go back to the proof of Theorem 4. Suppose that C has a Galois
Ž . Ž .point. Then f x, y can be expressed as y
 h x, y . Let l be the line
Ž .defined by  x
  y, which is one of factors of h x, y . Then we have that
Ž . Ž .i C, l; Q  d 1 where Q  : : 0 .
Ž .DEFINITION 9. When Q C is a flex, we call i C, T ; Q  2 the orderQ
of the flex, where T is the tangent line to C at Q. We putQ
W C  i C , T ; Q  2 .Ž .  4Ž .Ý Q
QC
Ž  .We have the following fact cf. 1 .
Ž . Ž .LEMMA 9. W C  3d d 2 .
If there exists one Galois point, then there exist d
 1 flexes such that
one flex has an order d 2 and the remaining flexes have an order d 3.
Therefore we have an inequality
d 2  2 d 2  C  3d d 2 .Ž . Ž . Ž .
Ž .Claim 10. If d 5, then  C  1.
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Ž . Ž .Proof. Suppose that  C  2. Clearly P 0 : 0 : 1 is a Galois point
in the standard form. Then let Q be another Galois point. Let  be a
Ž .generator of Gal KK , which becomes an automorphism of C. IfP
Ž . Ž . Q Q, then Q must have the coordinates a : b : 0 as we have seen
Ž .above. This point cannot be a Galois point, since i C, T ; Q  d 1.Q
Ž . Ž .Therefore we have that  Q Q. Then Q   Q is also a Galois2
Ž 1 .Ž .point of C because  Q Q , where  is a generator of2 2
Ž . 1Gal KK , and  fixes a line passing through Q . In this way weQ 2
get d pieces of Galois points. Then from the inequality above we obtain
that d 4.
Now the remaining case we have to prove is the one where d 4.
  Ž .Referring to 3 , we have the result that  C  0, 1, or 4. Suppose that
Ž . C  4. Then, recalling the proof of Claim 10, we see that four Galois
points lie on a line passing through P. Therefore, by making a suitable
Ž .change of coordinates, we may assume that the line is x 0 and h 0, y 
0. Namely, we may assume the affine coordinates of four Galois points are
Ž . Ž . Ž . Ž 2 . Ž . 4 30, 0 , 0,  , 0,  , 0,  , where h 0, y  cy ,  1c, and
 e .3
Ž .LEMMA 11. A point Q a, b  C is a Galois point if and only if
2 Ž . Ž .g  3g g , where g is the homogeneous part of g x, y  f x
 a, y
 b2 1 3 i
of degree i.
Proof. If Q is a Galois point, then making use of the standard form, we
2 Ž . Ž .easily obtain g  3g g . In fact, let s x, y  y
 h x, y be the standard2 1 3
Ž . form. Let  c be a projective transformation satisfying that S G,i j
4 Ž . 4 Ž .where G Z g XZ, YZ , S Z s XZ, YZ , and  is a non-zero
Ž .constant. Since  fixes the point 0, 0 , we have that c  c  0. Thus we13 23
obtain the relations
g  c3 c x
 c y , g  3c2 c x
 c y c x
 c yŽ . Ž . Ž .1 33 21 22 2 33 21 22 31 32
2g  3c c x
 c y c x
 c y ,Ž . Ž .3 33 21 22 31 32
which proves the only if part.
Conversely, assume the relation. As we have defined above, g can be
Ž . Ž . 3 Ž . 2 Ž .expressed as g x, t  g 1, t x 
 g 1, t x 
 g 1, t x
 t. Then we4 3 2
Ž . Ž . Ž .have that K k x, t , where g x, t  0. Since L  k x, x, t , whereP
Ž . Ž .x is another root of g x, t  0, we can write L  k x, t, u , whereP
22 2 2u  g 
 g 
 4 g g  g  2 g g  3g  4 g g .Ž .3 4 1 4 2 1 2 1 1 3
2 2 Ž .Thus, if g  3g g , then u becomes a complete square in k x, t .2 1 3
Hence KK is a Galois extension.P
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Ž . 4 4Using Lemma 11, we infer by calculations that h x, y  ax 
 by ,
ab 0. This curve is projectively equivalent to the one defined by y
 x 4

 y4  0. Thus we complete the proofs of Theorem 4 and Proposition 5.
The proofs of Theorem 4 and Proposition 5 are almost the same as
above. We pick up the main points. Suppose that P C is a Galois point,
Ž . where P 0 : 0 : 1 . Then a generator  of G can be represented as aP
diagonal matrix with a  a  e and a  1. From this fact f can be11 22 d 33
expressed as f 
 f , where f has distinct factors. If l is a line defined byd 0 d
Ž . x
  y, which is a factor of f , then the point  : : 0 is a d 2d
flex on C. Thus one Galois point yields d pieces of flexes with order
Ž . Ž .d 2. Therefore we infer   C  3 from Lemma 9. Suppose that   C
Ž . 2. Then we may assume that two Galois points are P 0 : 0 : 1 and
Ž .  Q 0 : 1 : 0 . Considering generators of G and G and making theP Q
Ž .standard form, we see easily that C is projectively equivalent to F d .
Before the proof of Theorem 6, we recall some properties of the Fermat
d d d Ž .curves. Let X 
 X  X be the homogeneous equation of F d . Then1 2 0
Ž .each flex lies on the line X  0 i 0, 1, 2 . In particular the points ati
infinity on the Fermat curve are all flexes. Thus, if l is a line passing
Ž .through a point on F d , then it does not touch the point at infinity. Note
Ž Ž . .that i F d , T ; P  2 if P is not a flex, where T is a tangent line toP P
Ž .F d at P.
Ž . Ž .For the proof we need some preparations. Let P a, b  F d and
Ž .let  t be the discriminant of
d df t , x  x 
 t x a 
 b  1  x a . 4Ž . Ž . Ž .
Ž . Ž d1 .d dŽ d .d1Put h x  ax  1 
 b x  1 . If ab 0, then a is the only
Ž .double root of h x and the other roots are distinct from one another. Let
Ž 2 . i 1, . . . , m d  d 2 be the distinct roots. Then we have thei
following lemma.
LEMMA 12. If b 0, then
m
d1 d1 t  c  a 1 t  b ,Ž .  4Ž .Ł i i
i1
where m d 2  d 2 and c is a non-zero constant.
Ž . Ž . Ž d . Ž . ŽProof. Put g t, x  g f t, x  1
 t and g t, x  g g  x˜ ˜
˜.   a . Then, let R resp. R be the resultant of g and g   g x resp. g˜x
and g   g x with respect to x. By definition we have that˜ ˜x
2d1 d1d a 
 b tŽ .d1R˜ 1 R .Ž . d½ 51
 t
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d1Ž . d1Ž .Suppose that gŁ x  and g  dŁ x  , where  , ˜i1 i x j1 j i j
 k t . Then,Ž .
d1 d1 d1
d dR˜ d     d g  ,˜Ž . Ž .Ł Ł Łi j j
i1 j1 j1
d  Ž . 4d d1  Ž . 4d1where  
 t   a 
 b  1 0 and  
 t   a 
 b ti i j j
Ž . Ž . d1 4 Ž n.0. Since g  equals ta b   t t 1
 t , if we put˜ j j
t
dh x  x  ,Ž .1 at b
then we obtain that
d1 d1at b
dR˜ d h  .Ž .Ł 1 jd½ 5t 1
 tŽ . j1
d1Ž . Ž .Suppose that h x Ł x  , where   k t . ThenŽ .1 i1 i i
Ž .2d1d1 d11Ž .
h   g  ,Ž .˜Ž .Ł Ł1 j x id1dj1 i1
Ž .  d1  Ž . 4d1  Ž d .where g   d   
 t   a 
 b t  1
 t . Since b 0, wex˜ i i i
d1 d1 Ž d1 .have that a  1 0; hence t b  a  1 , and then wei i i
obtain that
d  d1 d d1i d1 d dg    a  1 
 b   1 .Ž .˜ Ž . Ž .½ 5x i i id dd11
 t a  1Ž .i
d1 Ž d1 .d Ž .d1 dSince b 0 again, we have that   a  1  t at b b .i i
Whence we infer the lemma by a simple but tedious computation.
Since the equation x d 
 y d  1 is symmetric with respect to x and y, we
Ž .can repeat the above argument using x t y b 
 a instead of y
Ž .t x a 
 b. Hence in particular we obtain the following.
LEMMA 13. In the case where b 0, the discriminant is
d22 d
d2 d1 t  c  t a 
 t ,Ž . Ž .Ł i
i1
where ad  1, c is a non-zero constant, and  is a non-zero root ofi
Ž d .d1 Ž .dy  1 
 1 .
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Now we proceed with the proof of Theorem 6. Since d 1 is a prime
number and G is transitive, it is sufficient to prove that G has aP P
transposition. First we treat the case where P is not a flex. Thus we
Ž .assume that ab 0. Suppose that  t has no simple root. Then for each
Ž . d1root  of h x  0, there exists another root  satisfying that  i j i
d1 Ž . Ž . . Letting g y  0 be the equation whose roots consist of the d 1 thj
Ž . Ž .power of the roots of h x  0, we see that g y  0 has no simple roots.
Explicitly it is given by
d1Ž .d d1 dŽd1. dg y  ay 1 
 b y  1 .Ž . Ž . Ž .
Since it has no simple roots, each root of it satisfies the equation
d2Ž .d d1 1 dŽd1. d1 dg  y  d d 1 a ay 1 
 b y y  1  0.Ž . Ž . Ž . Ž .½ 5
Whence we obtain that ay 1 or y d1  a. The first case implies that
ad  1 and b 0, which is a contradiction. The second case implies that
Žd1.2 Ž .2x  a. This equation has distinct d 1 pieces of roots; however,
Ž . Ž 2 .h x  0 has distinct d  d 2 pieces of roots, which is a contradic-
tion, since d 4.
Second, we treat the case where P is a flex. We may assume that
Ž .P 1, 0 using the automorphism  . We prove the following lemma, byi j
which the proof is complete.
LEMMA 14. Suppose that d 1 is an een number. Then in Lemma 13,
Ž . d2the quotient  t t consists of simple factors.
Proof. Suppose the contrary. Then we have a relation  d1   d1i j
Ž . d1i j ; i.e.,   	 for some 	 satisfying 	  1, 	 1. Therefore wej i
Ž d .d1 Ž d .d1obtain that   1 
 1 0 and 	  1 
 1 0, from whichi i
we can deduce easily a contradiction.
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